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Abstract

Motivated by questions in location planning, we show for a set of colored
point sites in the plane how to compute the smallest (by perimeter or
area) axis-parallel rectangle, the narrowest strip, and other smallest objects
enclosing at least one site of each color.

1 Introduction

We are given a set of n point sites in the plane and k < n colors, each site is
associated one color. A region of the plane is called color-spanning if it contains
at least one point of each color. For different kinds of regions we are interested
in the smallest color-spanning one of that kind.

The original motivation for our questions comes from location planning. Sup-
pose there are k types of facilities, e. g. schools, post offices, supermarkets, mod-
eled by n colored points in the plane, each type by its own color. One basic
goal in choosing a residence location is in having at least one representative of
each facility type in the neighborhood, where there are various specifications of
the term “neighborhood”. A natural question is to ask for the smallest color-
spanning circle. It can be found using the upper envelope of Voronoi surfaces,
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as described by Huttenlocher et al. [HKS93] and Sharir and Aggarwal [SA95,
Section 8.7]; their algorithm for computing the solution runs in time O(knlogn).
Similarly one can determine the smallest color-spanning axis-parallel square and
other objects with fixed orientation which are unit circles of a convex distance
function.

In this paper, we propose to solve more complicated problems of this context:
we give algorithms to compute the smallest color-spanning axis-parallel rectangle
in Section 2 and the narrowest color-spanning strip in Section 3.

A couple of related optimization problems for a set S of n points have already
been studied in the literature, with motivations from statistical clustering or pat-
tern recognition. For example, the convex polygon with minimum perimeter con-
taining k points of S can be found by using the methods of Dobkin et al. [DDG83],
Aggarwal et al. [AIKS91], or finally Eppstein and Erickson [EE94], the last one
in time O(nlogn + k3n). The minimum area convex polygon containing k points
of S can be determined in time O(n*logn + kn?min(k? n)) combining results
of [EE94] and Eppstein et al. [EORW92]. Similar problems for selecting k points
out of n use as optimization criterion the diameter or the variance of the k-set,
or they ask for the smallest circle with respect to a certain metric containing at
least k& points [AIKS91, DDG83, ESZ94, EORW92, Mat95, Smi92|, this latter
problem is of course very closely related to the Voronoi diagram of order k.

Other very natural optimization criteria are the perimeter and the area of
the axis-parallel rectangle enclosing a k-point set, these criteria are sometimes
briefly called the L., perimeter and L, area. For computing the smallest perime-
ter, the best known running time is O(nlogn + k?n) for algorithms by Datta
et al. [DLSS95] and by Eppstein and Erickson [EE94]. The algorithm of Aggar-
wal et al. [AIKS91] can be used for both variants of the problem, the area and
the perimeter, and takes time O(min(k?nlogn,n3)), while Segal and Kedem’s
solution [SK98] for both variants runs in O(n + k(n — k)?) time and is applicable
only for k > n/2.

Not much seems to be known about lower bounds for these problems. Ma-
tousek [Mat94] reports that at least some of them are known to be n?-hard, a
notion introduced by Gajentaan and Overmars [GO95]; compare also Erickson
and Seidel [ES95].

Interestingly, the approach in [ATKS91] for the smallest rectangle, like some
approaches for the smallest circle, is also based on the Voronoi diagram of higher
order, in this case of order 6k — 6. This is because the optimal k-point set
can be shown to be contained in a circle centered at such a Voronoi vertex which



passes through the corresponding sites. Eppstein and Erickson’s approach [EE94]
uses the fact that the members of the optimal k-point set are always among the
16k nearest rectilinear neighbors of each of them. But neither of these properties
based on proximity seem to be extensible to our new problem that involves colors.

For multicolored point sets, there are solutions to several problems, such as
the bichromatic closest pair, see e.g. Preparata and Shamos [PS85, Section 5.7,
Agarwal et al. [AESWO1], and Graf and Hinrichs [GH93], the group Steiner tree
where, for a graph with colored vertices, the objective is to find a minimum-
weight subtree that covers all colors, see Mitchell [Mit00, Section 7.1], or the
chromatic nearest neighbor search, see Mount et al. [MNSWO00].

2 The smallest color-spanning rectangle

Among all rectangles whose sides are parallel to the xz- and y-axis and which
contain at least one site of each color we are looking for the smallest one, by
perimeter or by area.

Some special cases are immediately solved. For k = 1 the problem is trivial,
and for k = n, i.e., we have exactly one point for each color, the solution is the
bounding box of the point set. And also the case k = n — C' for some constant C'
can be solved in time O(n) because in this case there is only a constant (< 2C')
number of sites with colors that have more than one site. Finally for £ = 2 in the
perimeter case, we can make use of an algorithm that computes the bichromatic
Ly-closest pair in time O(nlogn), see e.g. Graf and Hinrichs [GH93]. For the
general case however, new ideas are necessary.

In Section 2.1 we show that the optimal rectangle must fulfill the so-called
non-shrinkable property, we present a simple algorithm with running time in
O(n(n — k)?), and we prove the tight bound of ©((n—k)?) for the number of non-
shrinkable rectangles. In Section 2.2 we give necessary and sufficient conditions
for non-shrinkable rectangles, and we refine the algorithm to a running time
of O(nk(n —k)). Finally, in Section 2.3 we use a result by Overmars and van
Leeuwen [OvL81] for dynamically maintaining the maximal elements of a point
set to further improve the running time to a near-optimal O(n(n — k)log® k).

2.1 Non-shrinkable rectangles and a first algorithm

Let p, and p, denote the coordinates of a site and p., denote its color. For the sake
of simplicity of the presentation, we make the following assumption on general
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position. No two z- or y-coordinates are equal, i.e., there is no horizontal or
vertical line passing through two points. We exclude the trivial cases and assume
for the remaining part of the paper that 1 < k < n. It is clear that the smallest
color-spanning rectangle, by perimeter or by area, must be non-shrinkable in the
following sense.

Definition 1 An axis-parallel rectangle is called non-shrinkable if it contains
sites of all k colors and it does not properly contain another axis-parallel rectangle
that contains all colors.

Therefore, each non-shrinkable rectangle must touch a site with each of its
four edges, such that there are two, three, or four sites on its boundary, among
them no two of the same color. The colors on its boundary do not appear at sites
in its interior.

Our algorithms will systematically find all non-shrinkable rectangles and com-
pare their perimeters or areas to determine the smallest one, thereby solving the
two variants of the problem at the same time. A first and quite simple idea to
do this is shown next, this is similar to the procedure of [ATKS91].

Algorithm 1 The lower-left corner of a candidate is either deter-
mined by one site or by a pair of sites of different colors such that
these two sites lie on the candidate’s bottom and left edges.

For each such lower-left corner, we proceed as follows. Let U be the
set of sites which lie above and to the right of the corner.

1. Initially the top edge of the rectangle starts at infinity. The right
edge starts at the z-coordinate of the corner, it is moved right
over the sites of U until all colors are contained in the actual
rectangle.

2. Then, in decreasing y-order, the top edge steps through the sites
of the rectangle as long as it still contains all colors; when this
stops, we have found a candidate.

3. The right edge advances until it reaches a site with the color of
the site at the actual top edge.

4. As long as the right edge has not stepped over all points of U,
we repeat from step 2.

It is clear that all non-shrinkable rectangles are checked as candidates by
Algorithm 1, but also some more rectangles that may contain sites of the same
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color as the left or bottom edges. For each corner the algorithm spends time O(n)
if the sites are previously sorted by their z-coordinates and by their y-coordinates.

Remark that for one fixed corner we cannot have more than n—k+1 candidates
because the right edge has stepped over at least k sites in step 1. Furthermore,
the left edge of a candidate can be only at the first n — k + 1 sites in z-order
and the lower edge only at the first n — k£ + 1 sites in y-order, so we obtain a
O(n(n — k)?) bound for the running time of Algorithm 1.

Before trying to improve on this time bound, we are interested in determining
the exact number of non-shrinkable rectangles, since in the worst case it seems
unavoidable to check (nearly) all of them.

Lemma 2  There are O((n — k)?) non-shrinkable rectangles.

Proof. We start by proving the upper bound. As we have remarked earlier, each
edge of a non-shrinkable rectangle N must contain a site of a color that occurs
only once in N. First consider the case that a site is a corner of the rectangle,
i.e., the site touches two edges. A site can be the, e.g., lower left corner of a
non-shrinkable rectangle only if it belongs to the n — k41 leftmost sites because
it must have k — 1 sites to its right. Also, in the analysis of Algorithm 1 we
have seen that there are at most n — k + 1 non-shrinkable rectangles for one fixed
corner. Thus, the upper bound holds for all non-shrinkable rectangles that have
at least one site at a corner. In particular, this also settles the cases k = 2, 3.

So we can assume that & > 4 and that each edge contains exactly one site
in its interior. Let [, b, and r denote the colors of the singular points on the
left, bottom, and right edge of N, correspondingly. We enlarge N by moving its
upper edge upwards until one of the following events occurs. Either, the upper
edge hits a point of color b; then we have obtained a so-called enlarged candidate
with singular points on its left and on its right edge that contains points of color
b on its top and bottom edges, but no further b-colored points (type 1). Or the
upper edge hits a point of color [ or r, say [; then we have an enlarged candidate
containing two points of color [ on its top and left edges, but no further points of
color [, and singular points on its right and bottom edges (type 2). If the upper
edge does not hit a point of color b, [, or r then we obtain an enlarged candidate
with upper edge at infinity and singular points on its other three edges (type 3).

This way we have mapped each non-shrinkable rectangle on an enlarged can-
didate of type 1, 2, or 3. The mapping is one-to-one; given an enlarged candidate
of any type we can just lower its top edge until, for the first time, the lowest point



of some color is hit, and obtain a non-shrinkable rectangle. Thus, it suffices to
show that there are only O((n — k)?) enlarged candidates of each type.

In order to bound the number of type 1 rectangles we fix an arbitrary point, p,
of color p., and show that there are at most O(n — k) type 1 rectangles R; ; that
have p on their bottom edge and another p.,-colored point ¢; on their top edge
to the right of p. Indexing is such that ¢y, ..., ¢, have increasing z-coordinates.
Let r; ; be the singular point on the right edge of rectangle R, ;, for 1 < j < m,.
Clearly, different rectangles R;; with the same index ¢ must have different right
points 7; ;. Since none of these rectangles can contain a third point of color
Peol, POINt ;11 must be below ¢; and to the right of all points r;;,1 < 7 < m,.
Trivially, all points 7,41 j,1 < j < m,44, are to the right of ¢;+1. A continuation
of this argument shows that all points r; ; are pairwise different. This proves the
claim since only n — k + 1 points can have the right edge, and the same for the
bottom edge.

The argument for the type 2 rectangles is quite similar. We fix the point p on
the left edge and consider all rectangles R; ; of type 2 that have a point g; of the
same color on their top edges. Again, all singular points r; ; on the right edges
are pairwise different.

The unbounded enlarged candidates of type 3 are even easier to count: for a
fixed point on the bottom edge there can be only n—k+1 of them, since for each
possible left edge there is at most one right edge, if any, and only n — k + 1 sites
can have the left edge. (By the way, k is also an upper bound on the number of
rectangles of this type for a fixed bottom edge, as will follow from Lemma 3.)

It remains to show the lower bound, i.e., we are given numbers n and k, and
we want to place n sites with k colors such that there are Q((n — k)?) different
non-shrinkable rectangles. To this end, we make a construction as sketched in
Figure 1.

We construct three groups of sites. The first group consists of |(n—k)/2] + 1
sites of color 1 and is placed on the line y = —1 — x at positions with negative
x- and y-coordinates, the second group has [(n — k)/2] + 1 sites but of color 2
and is placed on the line y = 1 — x at positions with positive coordinates, and
the third group contains one site of each of the other £ — 2 colors and is placed
very close to the origin.

Now each rectangle spanned by a site of color 1 as the lower left corner and
by a site of color 2 as the upper right corner contains all colors and is one of
Q((n — k)?) non-shrinkable rectangles. O
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Figure 1: Each rectangle spanned by a site of color 1 and a site of color 2 is
non-shrinkable.

2.2 An improved approach

The question arises if the proof method for the O((n — k)?) upper bound can be
used for efficiently constructing all non-shrinkable rectangles. In fact, we are able
to enumerate all enlarged candidates of types 1, 2, and 3 within time O(n?log k).
The difficulty is in efficiently moving down the upper edges of these rectangles,
in order to obtain non-shrinkable rectangles. This can be done within the same
time bound for the types 2 and 3, but seems quite hard to do for the type 1
rectangles.

Therefore, we resort to a more direct method that is a refinement of Algo-
rithm 1. Instead of fixing the lower left corner, let us try to fix the upper and lower
edges, i.e., for each pair of sites a and b with a, < b, we check all non-shrinkable
rectangles with lower y-coordinate a, and upper y-coordinate b,,.

We consider conditions that must be fulfilled by such a non-shrinkable rect-
angle with left edge at [ and right edge at r, [ and r» may coincide with a or b.
First, it is clear that ¢ and b must be contained in the rectangle. Second, the
interior of the rectangle must not contain sites of the colors of @ and b. Third,
the colors of [ and r are not contained in the interior either.



More formally, for a given color ¢ we define the following numbers.

L.(a,b)= max {p,|a, <p, <b,and p, <a, }
PES, Peor=C
Re(a,0) = _min_ {p; | ay <py <b, and p, > az }

In other words, L.(a, b) is the maximum z-coordinate of all sites of color ¢ in the
horizontal strip between a and b and to the left of a,, and R.(a,b) the analogous
minimum to the right of a,; they take on the values of —oco resp. 400 if no such
site exists.

Now the first condition above means that
[, <min(a,,b,) and 7, > max(a,,b,). (1)
The second condition can be expressed as

[, > max (L (a,b), Ly, (a, b)) and 7, < min (Racol(a, b), Ry, (a, b)) (2)

Qcol

In other words, we have an z-interval for the possible positions of the left edge
of a non-shrinkable rectangle from a, to b,, and another one for the right edge.

The third condition transforms to
l. =L ,(a,b) ifl #a,b and r, =R, ,(a,b) if r #a,b, (3)

i.e., the site [ on the left edge, if it is not a or b itself, is the x-maximal site of its
color in the horizontal strip between a and b and to the left of min(a,,b,), and
correspondingly with r. Therefore the following assertion holds.

Lemma 3 Let a and b be two sites of S. Independently of n, there are at most
k — 1 non-shrinkable rectangles with lower edge at a and upper edge at b.

Proof. According to (3), the left edge of such a non-shrinkable rectangle has only
k — 2 possible positions if its color is different from a., and b.,, and min(a,, b, )
as one additional possibility. O

For fixed a, the quantities L.(a, b) and R.(a,b) can easily be updated if b steps
through the sites in y-order. For each b it remains to match the correct pairs of
sites at the left and at the right edges, this is done by the following algorithm.



Algorithm 2 The sites are sorted in y-order. For each site a we do

the following to find all candidate rectangles with lower y-coordinate a,,.

1. Let L and R be arrays over all colors, initialized to —oo resp. +00;
they will contain the values L.(a,b) and R.(a,b) for the actual
a and b and for all colors c.
The lists SortL and SortR will contain all sites that actually
contribute an entry to L resp. R, sorted in x-direction.

2. For all sites b with b, > a, in y-order we do. Perform steps 2a

to 2c only if b., # a.o, in any case perform step 2d.

(a)

sites a and b.

Step 2d has been performed for all previous values of b, so L and R contain
the correct L.(a,b) and R.(a,b) for all colors. Remark that this also holds for b,
because the update of L and R concerning b is done at the end of the loop.

InclL := min(ay, b;);  Fzcll := max(L,_,, Ly, );

InclR := max(ay, b,); FEzclR:=min(R,_,, Ry,,,);

In list SortL we mark the sites with z-coordinates greater
than Fzcll, and smaller than InclL, and correspondingly
with SortR from InclR to FExclR.

The left edge starts at the first marked element of SortL.
The right edge starts at InclR and if necessary steps over
the marked sites in SortR until all colors are contained in
the actual rectangle.

As long as the marked parts of SortL and SortR are not
exhausted, we repeat the following steps.

i. The left edge advances over the marked sites in SortL
and finally Incll as long as the rectangle contains all
colors; when this stops, we have found a candidate.

ii. The right edge advances over the marked sites in SortR
until it reaches the color of the site at the actual left

edge.
Ifo, <a,
then Ly, := max(Ly,,,b,), also unmark and update SortL
else Ry, := min(Ry,,, b,), also unmark and update SortR.

Lemma 4 The candidates reported by Algorithm 2 are precisely all non-shrinkable
rectangles. Its running time is in O(nk(n —k)).

Proof. Let us consider what happens if steps 2a to 2d are executed for certain
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SortL and SortR contain the sites corresponding to the values of L resp. R,
and only these values are possible left resp. right edges of the rectangle, as we
have seen earlier. The marked parts correspond to the intervals (EzclL, InclL)
resp. (InclR, EzclR) and reflect conditions (1) and (2); sites a or b can also be
at the left or right edges of a non-shrinkable rectangle, this is taken into account
by starting the right edge at InclR in step 2b and finishing with the left edge at
InclL in step 2(c)i.

For each possible left edge the matching right edge, if any, is found in steps 2(c)i
and 2(c)ii, these steps are very similar to steps 2 to 3 of Algorithm 1.

The case in which there is no non-shrinkable rectangle for a at the bottom
edge and b at the top is quickly detected: If some colors are missing in the
horizontal strip between a and b then step 2b already does not succeed. If another
site of color a., or b., is contained in the rectangle spanned by a and b then
Excll, > InclL or InclR > FzxclR and one of the lists is not marked at all. Finally,
the case b.o; = aqo is explicitly excluded in step 2.

The running time can be estimated as follows. Site a at the bottom edge
needs to be iterated only over the first n — k + 1 sites in y-order, so this factor is
contributed. Factor n is for the loop over all b (not n — k because the updates in
step 2d need to be executed for all b above a). Finally, the repetition of steps 2(c)i
and 2(c)ii results in a factor k, as well as the (un)marking and the updates of the
sorted lists. O

For small and in particular for constant & Algorithm 2 is the method of choice,
because it is very simple and can be implemented using just a few lines of code. On
the other hand, for large k the O(n(n — k)?) method of Algorithm 1 is preferable.
In the general case however, there is still room for improvements.

2.3 Maximal elements

Definition 5 A mazimal element of a set, T, of points in the plane is a point
p € T such that there is no ¢ € T" with p, > ¢, and p, < g,.

Remark that for our special purpose we have slightly deviated from the usual
definition, see [OvL81], we are interested in maximal elements in the upper left
(instead of right) direction, see Figure 2. Our maximal elements are those that
are not dominated from left and above by another point of the set.

Now consider, for given a and b, the values of L.(a,b) and R.(a,b). We
transform these values to points in 2D, using L for the x-coordinates and R for
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Figure 2: Maximal elements of a point set in the upper left direction.

the y-coordinates.
Te(a,b) = (Lc(a, b), R.(a, b)) for all colors ¢ # aeop, beol

Some of the coordinates of these points may be £oo. With T'(a,b) we denote
the set of all points T.(a,b). The next lemma shows that maximal elements are
closely related to spanning colors.

Lemma 6 Assume that the horizontal strip between a and b contains all colors.
The point T.(a,b) for some color ¢ is a maximal element of T'(a,b) if and only
if the rectangle with a and b at the bottom and top edges and with L.(a,b) as left
and R.(a,b) as right edge contains all colors with the possible exception of bey.

Proof. Let T.(a,b) be a maximal element of T'(a,b). Suppose there is a color,
¢’, which is not contained in the rectangle between a, b, L.(a,b), and R.(a,b).
Then L.(a,b) < L.(a,b) and R.(a,b) > R.(a,b), and T, dominates T.(a,b), a
contradiction. Conversely, if all colors are contained in the rectangle then 7.(a, b)
must be a maximal element because it can’t be dominated by any other color. O

Now we have an interesting relation between non-shrinkable rectangles and
maximal elements.

Lemma 7 For a non-shrinkable rectangle with sites a, b, , r at the bottom, top,
left, and right edges with | # a,b and r # a,b, T} ,(a,b) and T,

Tcol

(a,b) are two
successive mazximal elements of the set of points in T'(a,b).

Proof. Assume that 7;_,(a,b) is dominated by some T.(a,b). Clearly we have
L.(a,b) < L ,(a,b) = l,, but also R.(a,b) > R;_,(a,b) > r, holds because I,
cannot appear a second time in the rectangle. This means that color ¢ is not
contained in the rectangle, a contradiction, and analogously for T ,(a,b).
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Now assume some T,(a,b) is maximal element between the two maximal ele-
ments 7, ,(a,b) and Tj_,(a,b). Then we have L, ,(a,b) < L.(a,b) < L, (a,b) =
l; and r, = R,_,(a,b) < R.(a,b) < R;_,(a,b), and again c is not contained in the
rectangle. O

And the converse is also true, in some sense.

Lemma 8 Consider two sites a and b and two colors ¢, ¢ # aeop, beot Such that
T.(a,b) and T (a,b) are two successive maximal elements of T'(a,b) and assume
that the horizontal strip between a and b contains all colors. Then the rectangle
between a, b, | with I, = L (a,b) as left edge, and r with r, = R.(a,b) as right
edge is non-shrinkable if additionally conditions (1) and (2) hold.

Proof. From Lemma 6 we know that the rectangle between a, b, L.(a,b) and
R.(a,b) contains all colors. Now let the left edge move right until the rectangle is
non-shrinkable. The left edge must now be situated at L. (a,b), otherwise there
would be another maximal element between 7.(a, b) and T (a,b). Conditions (1)
and (2) are necessary to guarantee that no other sites of color a., or b, are
contained in the rectangle. O

Theorem 9 Given n sites and k colors, the smallest color-spanning rectangle
can be found in time O(n(n — k)log® k).

Proof. We modify Algorithm 2. The main difference is in maintaining a dynamic
tree MaxElem of maximal elements instead of the lists SortL and SortR.

In step 2d now MaxElem is updated if the value of Ly, or Ry, has changed;
this can be done in time O(log®k) using the method of Overmars and van
Leeuwen [OvL81].

The marking of the lists is replaced in the following way. The values ExclL,
InclL, InclR, and EzclR are computed as before. Then the subsequence of ele-
ments in MazElem is extracted that is included in (ExzclL, InclL) in z-direction
as well as in (InclR, ExclR) in y-direction. This can be done in time O(log k)
plus the length of this subsequence which in turn is essentially the same as the
number of non-shrinkable rectangles reported. It remains to report the matchings
between left and right edges as described in Lemma 8.

So the running time of this method is O(n(n — k)log® k) plus the total num-
ber of reported non-shrinkable rectangles but which is fortunately bounded by
O((n — k)?), see Lemma 2. O
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3 The narrowest color-spanning strip

The narrowest color-spanning strip problem asks for two parallel lines in the plane
that contain all colors in between them such that their distance is minimized.

Notice that the solution strip must have three sites of three different colors
on its boundary, because if they were only two or they had a coincident color,
the strip could be shrunk by rotation.

A brute force approach could work as follows. Consider the O(n?) lines defined
by two sites of different colors, and sort them by slopes in O(n?logn) time. Start
with one of them and project all the other sites, following the direction of the
line, onto any perpendicular line. By sorting the projected points and walking
along them we can find the solution in that direction in O(nlogn) time. Now,
at each change of direction, we only need to update the order of the projected
points in O(1) time and explore the points, again walking along them, in O(n)
time to find the solution for the new direction. Hence, the algorithm works in
O(n?) time.

When the direction changes, the cluster of points that gives the optimal so-
lution may completely change. This is the reason why we don’t envisage a more
clever updating. Using techniques of inversion and outer envelopes we obtain a
much better algorithm, as the following theorem states.

Theorem 10 Given n sites and k colors, the narrowest color-spanning strip can
be found in O(n*a(k)logk) time.

Proof. Consider a site b of a given color. For each other color site r, the strips
that go through b and r have the following property: the orthogonal projection of
b onto the lines through r (i.e. the point that determines the width of the strip)
describes a circle that has br as diameter, see Figure 3.

If we fix the point b and consider all the circles corresponding to a given
different color, say red, we obtain an arrangement of (red) circles, all passing
through b. The width of a strip containing b and exactly one red site is given
by the inner envelope of the arrangement. After an inversion with respect to the
point b, the red circles get transformed into red lines, and the distances from b
are inverted. Hence, the width of a strip containing b and exactly one red site
is given by the outer envelope of the arrangement of lines. As each two lines
intersect at most once, the complexity of such envelope is O(n;), and it can be
computed in O(n;logn;) time (for example, by divide and conquer, because the
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Figure 3: The locus of the orthogonal projection of b onto the lines through r is
the circle that has br as diameter.

merge can be done in time linear to the result, as we know that the point b is
lying in the kernel of the starshaped polygons to be merged).

Now, for each site, all the outer envelopes of all the different colors can be
computed in O(nlogn) time. The one-of-a-set spanning strips are determined by
the inner envelope of the arrangement of the 1-colored outer envelopes. This enve-
lope has complexity O(na(k)) and can be computed in O(na(k) log k) time [SA95,
Corollary 6.3].

As this is done for each site, the algorithm runs in O(n?a(k)logk) time. O

4 Conclusions

We have solved two optimization problems by giving algorithms that are likely
to be close to optimal. The narrowest color-spanning strip problem can be solved
in time O(na(k)log k), and it is n®-hard in the sense of [GO95], this proof is not
very difficult but omitted here for brevity.

On the other hand, the smallest color-spanning rectangle problem can be
solved in time O(n(n — k) log? k) while we have the tight quadratic bound for the
number of non-shrinkable rectangles. It would be interesting to have a formal
proof (or a refutation) that this number is also a lower bound for this problem.

The smallest color-spanning rectangle with an arbitrary orientation would be
the next natural generalization.
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